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Abstract
Neutrino masses and mixings are very different from quark masses and mixings.
This puzzle is a crucial hint in the search for the mechanism which determines
fermion masses in grand unified theories. We study the flavour problem in an
SO(10) GUT model in six dimensions compactified on an orbifold. Three sequential
families are localized at three branes where SO(10) is broken to its three GUT
subgroups. Their mixing with bulk fields leads to large neutrino mixings as well as
small mixings among left-handed quarks. The small hierarchy of neutrino masses
is due to the mismatch between up-quark and down-quark mass hierarchies.
Talk given at the Fujihara Seminar
Neutrino Mass and Seesaw Mechanism, KEK, Japan, February 2004
1 Gauge unification in six dimensions
The symmetries and the particle content of the standard model (SM) point towards
grand unified theories (GUTs) as the next step in the unification of all forces. Left- and
right-handed quarks and leptons can be grouped in three SU(5) multiplets [1],
10 = (qL, u
c
R, e
c
R) , 5
∗ = (dcR, lL) , 1 = ν
c
R , (1)
or, alternatively, in two SU(4)× SU(2)× SU(2) multiplets [2],
(4, 2, 1) = (qL, lL) , (4
∗, 1, 2) = (ucR, d
c
R, ν
c
R, e
c
R) . (2)
All quarks and leptons of one generation are unified in a single multiplet in the GUT
group SO(10) [3],
16 = 10+ 5∗ + 1 = (4, 2, 1) + (4∗, 1, 2) . (3)
The group SO(10) contains two different SU(5)×U(1) subgroups, corresponding to ordi-
nary and ‘flipped’ SU(5) [4], where right-handed up- and down-quarks are interchanged,
yielding another viable GUT group. Together with the seesaw mechanism [5], whose
twenty-fifth anniversery is celebrated at this symposium, grand unified theories provide
an attractive extension of the standard model, which can also account for the observed
smallness of neutrino masses.
In ordinary four-dimensional (4D) grand unified models, the breaking of the GUT
symmetry groups to the standard model group GSM = SU(3)×SU(2)×U(1) requires a
complicated Higgs sector, and considerable effort is needed to achieve the wanted gauge
symmetry breaking together with a description of fermion masses and mixings that is
consistent with experimental data.
Higher-dimensional theories offer new possibilities for gauge symmetry breaking in
connection with the compactification to four dimensions. A simple and elegant scheme,
leading to chiral fermions in four dimensions, is the compactification on orbifolds, first
considered in string theories [6, 7], and recently revived in the context of effective field
theories in higher dimensions [8]. Orbifold compactifications lead generically to ‘split
multiplets’, i.e. incomplete representations of the underlying GUT symmetry, which pro-
vides a natural mechanism to split the light weak doublet from the heavy colour triplet
Higgs fields. In the following we shall consider a supersymmetric SO(10) model in 6D 1
and discuss its flavour structure [11].
Consider now the gauge theory with symmetry group SO(10) in 6D with N = 2
supersymmetry. The gauge fields VM(x, y, z), with M = µ, 5, 6, x
5 = y, x6 = z, and the
1For SO(10) models in 5D see Refs. [10].
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Figure 1: The extended standard model gauge group GSM ′ = SU(3) × SU(2) × U(1)
2
as intersection of the two symmetric subgroups of SO(10), GGG = SU(5) × U(1) and
GPS = SU(4)× SU(2)× SU(2).
gauginos l1, l2 are conveniently grouped into vector and chiral multiplets of the unbroken
N = 1 supersymmetry in 4D,
V = (Vµ, l1) , Σ = (V5,6, l2) . (4)
Here V and Σ are matrices in the adjoint representation of SO(10).
Symmetry breaking is achieved by compactification on the orbifold T 2/(ZI2 ×Z
PS
2 ×
ZGG2 ). The discrete symmetries Z2 break the extended N = 2 supersymmetry to N = 1,
and the SO(10) gauge group to the GUT subgroups (cf. Fig. (1))
GPS = SU(4)× SU(2)× SU(2) , GGG = SU(5)× U(1)X . (5)
These breakings are localized at different points in the extra dimensions, O = (0, 0),
OPS = (πR5/2, 0) and OGG = (0, πR6/2), where
PIV (x,−y,−z)P
−1
I = ηIV (x, y, z) , (6)
PPSV (x,−y + πR5/2,−z)P
−1
PS = ηPSV (x, y + πR5/2, z) , (7)
PGGV (x,−y,−z + πR6/2)P
−1
GG = ηGGV (x, y, z + πR6/2) . (8)
Here PI = I, the matrices PPS and PGG are given in Ref. [9], and the parities are chosen
as ηI = ηPS = ηGG = +1. The extended supersymmetry is broken by choosing in the
corresponding equations for Σ all parities ηi = −1.
There is a fourth fixpoint at Ofl = (πR5/2, πR6/2), which is obtained by combining
the three discrete symmetries Z2, Z
PS
2 and Z
GG
2 defined above,
PflV (x,−y + πR5/2,−z + πR6/2)P
−1
fl = +V (x, y,+πR5/2, z + πR6/2) . (9)
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Figure 2: T 2/(Z2 × Z
PS
2 × Z
GG
2 ) orbifold on the y-z plane. Four different types of fixed
points, O, OPS, OGG, and OFL, are denoted by black, red, blue, and green dots, respec-
tively. The physical region is, for example, taken as the two-sided rectangle formed by
folding the shaded region along the dotted line and then gluing together the touching
edges.
The unbroken subgroup at the fixpoint Ofl is flipped SU(5), i.e. Gfl = SU(5)
′ × U(1)′.
The physical region is obtained by folding the shaded regions in Fig. 2 along the dotted
line and gluing the edges. The result is a ‘pillow’ with the four fixpoints as corners.
The unbroken gauge group of the effective 4D theory is given by the intersection of the
SO(10) subgroups at the fixpoints. In this way one obtains the standard model group
with an additional U(1) factor,
GSM ′ = SU(3)× SU(2)× U(1)Y × U(1)X . (10)
The difference of baryon and lepton number is the linear combination B −L =
√
16
15
Y −√
8
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X . The zero modes of the vector multiplet V form the gauge fields of GSM ′.
The vector multiplet V is a 45-plet of SO(10), which has an irreducible anomaly in
6D. It is related to the irreducible anomalies of hypermultiplets in the fundamental and
the spinor representations,
a(45) = −2a(10) , a(16) = a(16∗) = −a(10) . (11)
Hence, the cancellation of the irreducible anomalies requires two 10 hypermultiplets,
H1 = (H1, H
c
1) and H2 = (H2, H
c
2), where the brackets denote the N = 1 field content.
The parities for H1 and H2 may be chosen in such a way that one obtains the Higgs
4
doublets of the MSSM as zero modes,
Hc1 = Hd , H2 = Hu . (12)
The D-term of the scalar potential has the flat direction 〈Hc1〉 = 〈H2〉 = v, which breaks
SU(2)× U(1) to U(1)em. The scale v of electroweak symmetry breaking can be related
to supersymmetry breaking, like in models of gaugino mediation.
The breaking of B − L can be achieved by adding two 16 hypermultiplets, Φc and
Φ, with zero modes N c, N . The scalar potential has the D-flat direction
〈N c〉 = 〈N〉 = vN , (13)
where vN ≫ v can be fixed by a brane superpotential. Anomaly cancellation now requires
two additional 10 hypermultiplets H3 and H4. The corresponding colour triplet zero
modes (D,Gc) and (Dc, G) aquire masses O(vN ) from the same brane superpotential
[12].
2 Flavour mixing and seesaw mechanism
So far we have constructed a gauge theory with symmetry group SO(10) and N = 2
supersymmetry in 6D, locally broken at four fixpoints, such that the effective low energy
theory in 4D has N = 1 supersymmetry and the extended SM gauge symmetry GSM ′.
In addition to the vector multiplet we have two 16 and four 10 hypermultiplets. The
corresponding zero modes allow further symmetry breaking of SU(2)×U(1) and U(1)B−L
by the ordinary Higgs mechanism.
How can matter be introduced? As our guiding principles we shall use anomaly
cancellation and the embedding of quantum numbers in the adjoint representation of
E8
2. This implies that only two more 16 hypermultiplets are allowed, far too little to
account for three quark-lepton generations. Hence, quarks and leptons must be brane
fields. As an example, place ψ1 at OGG, ψ2 at Ofl and ψ3 at OPS. Here ψ1, ψ2 and ψ3
correspond, up to mixings, to the first, second and third generation, respectively. We
shall see that this assignment is in fact supported by fermion mass relations.
The three sequential generations are separated by distances large compared to the
6D cutoff scale M∗. Hence, they can only have diagonal Yukawa couplings with the bulk
Higgs fields, since direct mixings are exponentially suppressed. On the contrary, brane
fields can mix with bulk zero modes without suppression. The embedding into E8 allows
two additional 10 hypermultiplets H5, H6, together with two 16’s, φ and φ
c. They lead
2Such an approach has previously been pursued in the context of supersymmetric σ-models [13].
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to a partial fourth family together with an anti-family of zero modes, with the quantum
numbers of lepton doublets and down-quark singlets,
L =
 ν4
e4
 , Lc =
 νc4
ec4
 , Gc5 = dc4 , G6 = d4 . (14)
Mixings take place only among left-handed leptons and right-handed down-quarks, which
is similar to ‘lopsided’ SU(5) models with U(1) family symmetry [14]. This leads to a
characteristic pattern of mass matrices.
Masses and mixings are determined by brane superpotentials. Allowed terms are
restricted by R-invariance and an additional U(1)X˜ symmetry. H1, H2, Φ and Φ
c, which
aquire a vacuum expectation value, have R-charge zero. All matter fields have R-charge
one. The 16-plets ψi and φ form a quartet (ψα) = (ψi, φ), α = 1 . . . 4. The brane
superpotential reads, for normalized bulk fields, up to quartic interactions (23 terms),
W = M lαψαφ
c +
1
2
h
(1)
αβψαψβH1 +
1
2
h
(2)
αβψαψβH2
+
1
2
hNαβ
M∗
ψαψβΦ
cΦc + . . . . (15)
Here M∗ > 1/R5,6 ∼  LGUT is the cutoff of the 6D theory. On the different branes the
Yukawa couplings h(1) and h(2) split into hd, he and hu, hD, respectively.
The breaking of B−L yields masses O(vN) for colour triplet bulk zero modes. After
electroweak symmetry breaking, 〈Hc1〉 = v1, 〈H2〉 = v2, all zero modes aquire mass terms,
and one obtains
W = dαm
d
αβd
c
β + e
c
αm
e
αβeβ + n
c
αm
D
αβνβ
+ucim
u
ijuj +
1
2
ncim
N
ijn
c
j . (16)
Here md, me and mD are 4× 4 matrices, for instance,
me =

hd11v1 0 0 h
e
14v1
0 he22v1 0 h
e
24v1
0 0 hd33v1 h
e
34v1
M l1 M
l
2 M
l
3 M
l
4
 , (17)
whereas mu and mN are diagonal 3× 3 matrices,
mu =

hu11v2 0 0
0 hu22v2 0
0 0 hu33v2
 , mN =

hN11
v2
N
M∗
0 0
0 hN22
v2
N
M∗
0
0 0 hN33
v2
N
M∗
 . (18)
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Some of the mass matrix elements are equal due to GUT relations on the corresponding
brane, such as me11 = m
d
11, m
D
22 = m
u
22, whereas m
e
22 6= m
d
22 (flipped SU(5) brane).
Assuming universal Yukawa couplings at each fixpoint, one obtains a simple pattern
of quark and lepton mass matrices, significantly different from 4D SO(10) models [15],
which reads after a rescaling with the appropriate vauum expectation values (tan β =
v2/v1 ≃ 50),
1
tanβ
mu ∼
v1M∗
v2N
mN ∼

µ1 0 0
0 µ2 0
0 0 µ3
 , (19)
1
tan β
mD ∼ me ∼ md ∼

µ1 0 0 µ˜1
0 µ2 0 µ˜2
0 0 µ3 µ˜3
M˜1 M˜2 M˜3 M˜4
 , (20)
where µi, µ˜i = O(v1) and M˜i = O( LGUT). The quark-lepton mass spectrum requires µi, µ˜i
to be hierarchical, which may be related to the different location of the three families
in the extra dimension, although this is not explained by the present model. The GUT
mixings M˜i are assumed to be non-hierarchical.
The parameters µ1, µ2, µ3 are given by the up-quark masses, which also determine
the heavy neutrino masses,
µ1 : µ2 : µ3 ∼ mu : mc : mt ∼ M1 :M2 :M3 . (21)
Consider now the down-quark masses and CKM mixings for large tan β = v2/v1 ≃ 50,
such that hd33 ≃ h
u
33. Since the hierarchy of down-quark masses is much smaller the one
of up-quarks, it must be dominated by the off-diagonal elements µ˜i,
µ1 ≪ µ˜1 , µ2 ≪ µ˜2 , µ3 ∼ µ˜3 . (22)
These parameters can be fixed by two masses and the Cabibbo angle,
mb ≃ µ˜3 , ms ≃ µ˜2 , Vus = Θc ∼
µ˜1
µ˜2
. (23)
One then obtains three predictions, the other two mixing angles,
Vcb ∼
ms
mb
≃ 2× 10−2 , Vub ∼ Θc
ms
mb
≃ 4× 10−3 , (24)
and the down quark mass,
md
ms
∼ γ Θc ≃ 0.03 , γ ≡
µ2
µ˜2
∼
mcmb
mtms
∼ 0.1 , (25)
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which are consistent with data within factor of two. The charged lepton masses can also
be correctly described. The unsuccessful SU(5) relations ms = mµ, md = me are avoided
since the second family is located at the flipped SU(5) brane.
The neutrino mass matrix can now be computed based on the seesaw mechanism [5],
m¯ν = −m¯
D⊤ 1
mN
m¯D . (26)
Here m¯D is the 3× 3 matrix which is obtained from mD after integrating out the heavy
fourth generation.
The structure of the charged lepton and the Dirac neutrino mass matrices is the
same. Both matrices lead to large mixings between the ‘left-handed’ states. However,
due to seesaw mechanism, there is a mismatch between the matrices which diagonalize
the Majorana neutrino and the charged lepton mass matrices, and a large MNS mixing
matrix remains. In a basis where me is hierarchical, with small off-diagonal terms, the
Majorana neutrino mass matrix m¯ν has the form
m¯ν ∼

γ2 γ γ
γ 1 1
γ 1 1
m3 . (27)
This matrix is familiar from lopsided SU(5) models with U(1) flavour symmetry [14], and
it is know to yield a successful neutrino phenomenology. Note that the small parameter
is now determined by quark masses, γ ∼ mcmb/(mtms). One characteristic predictions
is a large 1-3 mixing angle, Θ13 ∼ γ ∼ 0.1. The coefficients O(1) are consistent with
‘sequential heavy neutrino dominance’ (N3) [16], yielding large 2-3 mixing, sin 2Θ23 ∼ 1.
With m3 ≃
√
∆m2atm ∼ m
2
t/M3 the heavy Majorana masses are M3 ∼ 10
15 GeV,
M2 ∼ 3× 10
12 GeV and M1 ∼ 10
10 GeV. Decays of N1 may be the origin of the baryon
asymmetry of the universe [17]. In addition to M1, the relevant quantities are the CP-
asymmetry ε1 and the effective neutrino mass m˜1 = (m
D†mD)11/M1. One easily obtains
ε1 ∼ 0.1 M1/M3 ∼ 10
−6 and m˜1 ∼ 0.2 m3. These are the typical parameters of thermal
leptogenesis [18].
One of the most puzzling questions in flavour physics is: Why are masses and mixings
of quarks and neutrinos so different, and how does this happen in grand unified theories
where quarks and leptons belong to the same multiplet? In the context of the discussed
6D SO(10) model these questions have a simple answer:
• The MNS mixings are large because neutrinos are mixtures of brane and bulk
states, which are unrelated to quark and charged lepton masses and therefore not
suppressed by small mass ratios.
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• The CKM mixings are small because left-handed down-quarks are pure brane
states. The large mixings of right-handed down-quarks, together with the down-
quark mass hierarchy, leads to small mixings for left-handed down-quarks.
• Neutrinos have a small mass hierarchy because of the seesaw mechanism and the
mass relations md ∼ mD, mu ∼ mN ; the ‘squared’ down-quark hierarchy is almost
canceled by the larger up-quark hierarchy,
m1
m3
∼
(
md
mb
)2 mt
mu
∼ 0.1 . (28)
The basic mechanism determining the flavour structure is the mixing of three com-
plete quark-lepton families, localized at three different branes, with an imcomplete family
(split multiplets) originating from the bulk. This leads to welcome deviations from the
familiar GUT mass relations. The mass hierarchies have a ‘geometric origin’ and are not
explained by abelian or non-abelian flavour symmetries.
3 Proton decay
The 6D SO(10) GUT model makes characteristic predictions for proton decay. Like in 5D
orbifold GUTs, dimension-5 operators are absent [8]. The dimension-6 operators have an
interesting flavour structure due to the quark-lepton ‘geography’ in the extra dimensions
[19, 20].
In our 6D model the first generation is localized on the SU(5) brane. This leads to
the dimension-6 operators [21]
Leff = −
g2
(M effX )
2
ǫαβγ
(
ec1u
c
1αq1βq1γ − d
c
1αu
c
1βq1γl1
)
, (29)
where
1
(M effX )
2
= 2
∞∑
n,m=0
1
M2X (n,m)
= 2
∞∑
n,m=0
R25
(2n+ 1)2 +
R2
5
R2
6
(2m)2
(30)
accounts for the sum over all Kaluza-Klein modes; R5 and R6 are the radii of the two
compact dimensions. The sum is logarithmically divergent and depends on the cutoff
M∗ ∼ 10
17 GeV. In the symmetric case, R5 = R6 = 1/Mc, one finds
1
(M effX )
2
≃
π
4M2c
(
ln
(
M∗
Mc
)
+ 2.3
)
. (31)
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decay channel Branching Ratios [%]
6D SO(10) SU(5)× U(1)F
case I case II models A & B
e+π0 75 71 54
µ+π0 4 5 < 1
ν¯π+ 19 23 27
e+K0 1 1 < 1
µ+K0 < 1 < 1 18
ν¯K+ < 1 < 1 < 1
e+η < 1 < 1 < 1
µ+η < 1 < 1 < 1
Table 1: Proton decay branching ratios in a 6D SO(10) model compared with 4D SU(5)×
U(1)F models.
The proton decay branching ratios depend on the overlap of the SU(5) brane states
with the mass eigenstates. Given the mass matrices of Section 2, the diagonalization
can be explicitly carried out, which leads to the branching ratios listed in the table [21].
Case I and case II refer to two different sets of O(1) coefficients; the SO(10) results are
compared with the contribution from the dimension-6 operator in 4D SU(5) models with
U(1) flavour symmetry.
The most striking difference is the decay channel p→ µ+K0, which is suppressed by
about two orders of magnitude in the 6D model with respect to the 4D models. In both
cases the dominant decay mode is p → e+π0. This is different from 5D SU(5) orbifold
GUTs where the dominant decay modes are p→ K+ν and p→ K0µ+ [19, 20].
Finally, a limit on the compactification scale can be derived from the decay width of
the dominant channel p→ e+π0. One finds (M∗ = 10
17 GeV),
Γ(p→ e+π0) ≃
(
9× 1015 GeV
Mc
)4 (
5.3× 1033 yrs
)−1
. (32)
Hence, the current SuperKamiokande limit τ ≥ 5.3 × 1033 [22] yields the lower bound
on the compactification scale Mc ≥ M
min
c ≃ 9 × 10
15GeV, which is very close to the
4D GUT scale ΛGUT ≃ 2 × 10
16 GeV suggested by the unification of gauge couplings.
The choice Mc = ΛGUT yields the proton lifetime τ(p → e
+π0) ≃ 1 × 1035 yrs which,
remarkably, lies within the reach of the next generation of large volume detectors!
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4 Towards E8 in higher dimensions
It is a remarkable group theoretical fact that the adjoint representation 45 of SO(10),
together with the spinors 16, 16 and a U(1) factor form the adjoint representation of E6.
Coset spaces of E7 and E8 with subgroups containing SO(10) have similar properties.
This raises the question whether the discussed 6D SO(10) model can be understood as
part of a higher-dimensional theory with gauge group E8, as it emerges in string theory
[23].
Consider the chain of E8 subgroups
E8 ⊃ SO(16) ⊃ SO(10)× SO(6) ⊃ . . . , (33)
and the corresponding decomposition of the adjoint representation,
248 = 120+ 128
= (45, 1) + (1, 15) + (10, 6) + (16, 4) + (16, 4) . (34)
As discussed in Section 2, the 6D SO(10) model has N = 2 supersymmetry. The 45
vector multiplet of SO(10), and the six 10 and four 16 hypermultiplets represent the
maximal number of fields from the adjoint of E8 for which the irreducible 6D anomalies
cancel. For this particular set of fields, also the reducible 6D anomalies cancel [11].
Orbifold GUT models of the type discussed in this talk can occur as intermediate
step in an orbifold compactification of the heterotic string [24, 25]. The model of Ref. [24]
indeed contains a 6D SO(10) GUT with the set of bulk fields described above. At the
Ofl
OPS
[G    ]GG [G  ]fl
[G   ]PS[SO(10)]
OGG
OI
Figure 3: The three SO(10) subgroups at the corresponding fixpoints of the orbifold
T 2/(ZI2 × Z
PS
2 × Z
GG
2 ). At each of these fixpoints one quark-lepton family is localized.
orbifold fixpoints states from the twisted sector of the string are localized, as illustrated
in Fig. 3 for the considered orbifold GUT.
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Orbifold GUTs have many phenomenologically attractive features. In particular split
multiplets successfully explain the doublet-doublet splitting of Higgs fields. Their mixing
with brane fields also leads to flavour physics with unexpected features and the needed
deviations from the simplest GUT mass relations.
A successful ultraviolet completion in compactifications of the heterotic string
will allow to address many questions which go beyond orbifold GUTs. These include
quantum numbers and localization of brane fields, which are related to twisted sectors
of the string, and the unification with gravity.
I would like to thank T. Asaka, L. Covi, D. Emmanuel-Costa and S. Wiesenfeldt for a
fruitful collaboration, A. Hebecker for comments on the manuscript and the organizers
of the seesaw symposium at KEK, especially K. Nakamura, for arranging an enjoyable
and stimulating meeting.
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